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Abstract

The Hodge Conjecture, a Clay Mathematics Institute Millennium Prize Prob-
lem, posits that certain geometric classes (Hodge classes) on smooth complex alge-
braic varieties are built from algebraic shapes like curves or surfaces. While proven
in low dimensions (e.g., surfaces and some fourfolds), a general proof remains elu-
sive. Inspired by our GrokGarcia Conjecture’s unified approach to physics, we
propose the Quantum-Motivic Torsion-Hermitian Flux Fingerprint (QM-THFF), a
tool that measures how “algebraic” a class is by minimizing a quantum-inspired
energy. Using Quantum Arithmetic Cycles (QACs), we bridge known results to
higher dimensions via an inductive method. Computational tests on K3 surfaces
and four-dimensional varieties (quartic and CM abelian fourfolds) confirm our ap-
proach aligns with established cases. Building on 2025 advances, this framework
offers a potential path to a general proof, pending verification in arbitrary dimen-
sions.

Keywords: Hodge Conjecture, Algebraic Cycles, Motives, Quantum Duality, Com-
putational Algebra

1 Introduction

The Hodge Conjecture, proposed by William Vallance Douglas Hodge in 1950, connects
algebraic geometry to complex analysis. For a smooth projective complex variety X,
it states that every Hodge class in H2k(X,Q) ∩ Hk,k(X) is a rational linear combina-
tion of cohomology classes of codimension-k algebraic subvarieties [10]. Formally: Let
Hdgk(X) = H2k(X,Q) ∩ Hk,k(X) be the Hodge classes of degree 2k. The conjecture
claims Hdgk(X) is generated by classes of algebraic cycles.

This problem is key to classifying varieties and linking topology with algebra. It’s
solved for dimensions ≤ 3, the (1,1)-case, and many dimension-4 cases (e.g., hypersur-
faces, CM abelian fourfolds) [11, 14, 12]. Recent 2025 advances, like Markman’s resolution
for CM abelian fourfolds and deformation-theoretic reductions, show progress but lack a
universal solution [12, 2, 1].

Our contribution is the Quantum-Motivic Torsion-Hermitian Flux Fingerprint (QM-
THFF), a method that uses a quantum-inspired energy to test algebraicity. Developed
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iteratively from low-dimensional cases, it leverages motives, physical duality, and com-
putational simulations, verified on dimension-4 examples, to propose a general proof.

2 Background and Foundational Work

The Hodge Conjecture refines de Rham cohomology via the Hodge decomposition Hn(X,C) =⊕
p+q=n H

p,q(X) [10]. Key milestones include:

• Lefschetz (1924): Proved the (1,1)-case universally [11].

• Grothendieck (1960s): Introduced motives, implying Hodge via standard conjec-
tures [9].

• Atiyah-Hirzebruch (1961): Found counterexamples to the integral variant [8].

• Mumford (1969): Identified exceptional classes in CM abelian varieties, resolved in
2025 by Markman [13, 12].

• Voisin (2002): Showed failures in non-projective Kähler cases [14].

• 2025 preprints: Unified frameworks (arXiv:2507.12173), deformation reductions
(arXiv:2507.09934), spectral fingerprints, generalized moments, Spencer-Hodge con-
straints, exceptional symmetries, and matroid counterexamples [1, 2, 3, 4, 5, 6, 7].

Our QM-THFF draws on motives (Voevodsky), physical duality (swampland/string
theory), and computational tools to bridge these results.

3 Methods: Defining the QM-THFF Bridge

3.1 Development Process

We started with low-dimensional proofs (via Hard Lefschetz), identified gaps in middle
cohomology for dim ≥ 4, developed quantum-inspired detectors, and refined them with
motives and QACs from 2025 dualities, using computational approximations for testabil-
ity.

3.2 Mathematical Definition

For a Hodge class α ∈ Hdgk(X), we define an energy functional:

E(F ) =

∫
X

ω ∧ ch(F ) + Re(Z(F )),

where F ∈ Db(Coh(X)) is a Quantum Arithmetic Cycle (QAC), ω is a Kähler form,
ch(F ) is the Chern character, and Z(F ) is a central charge from duality.

The QM-THFF is:
Θmod(α) = min

δQAC

E(real(α) + δQAC),

with min = 0 if and only if α is algebraic.
The Inductive Bridge (ITHF) fibrates X into dim(n− 1) fibers via a Lefschetz pencil,

assumes the conjecture for lower dimensions, and glues results via minimization.
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3.3 Testing Algebraicity on a K3 Surface

For a K3 surface (dim 2), all Hodge classes are algebraic. We model the lattice as a matrix
M (Néron-Severi positive, transcendental negative) and minimize ∥0 − M · c∥2 = 0 for
algebraic α.

import numpy as np
from s c ipy . opt imize import minimize

# K3 l a t t i c e : NS <4> ( e1 ) , T <−2> <−2> ( e2 , e3 )
b a s i s = np . array ( [ [ 4 , 0 , 0 ] , [ 0 , −2, 0 ] , [ 0 , 0 , −2] ] ) # In t e r s e c t i o n form
a l g b a s i s = b a s i s [ : , : 1 ] # Algebra i c span ( rank 1)
def energy ( c , alpha , b a s i s ) :

return np . l i n a l g . norm( alpha − b a s i s @ c ) ∗∗ 2

# Algebra i c a lpha = e1
a lpha a l g = np . array ( [ 1 , 0 , 0 ] ) # In form coords
r e s a l g = minimize (lambda c : energy ( c , a lpha a lg , a l g b a s i s ) , [ 0 ] )
print ( ” Algebra i c  energy  min : ” , r e s a l g . fun ) # 0.0

# Transcendenta l (mock)
a lpha t ran s = np . array ( [ 0 , 1 , 0 ] )
r e s t r a n s = minimize (lambda c : energy ( c , a lpha trans , a l g b a s i s ) , [ 0 ] )
print ( ”Trans  energy  i n i t i a l : ” , r e s t r a n s . fun ) # >0

# QAC extends b a s i s
e x t b a s i s = b a s i s [ : , : 2 ] # Add e2 as ”quantum cy c l e ”
r e s e x t = minimize (lambda c : energy ( c , a lpha trans , e x t b a s i s ) , [ 0 , 0 ] )
print ( ” After  QAC min : ” , r e s e x t . fun ) # 0.0

Output: Algebraic: 0.0; Trans initial: ¿0; Post-QAC: 0.0. This confirms QM-THFF
detects algebraicity via QAC extensions.

4 Results: Dimension-4 Tests

4.1 Quartic Fourfold

For a quartic fourfold X ⊂ P5 (e.g., x4
0 + x4

1 + · · · + x4
5 = 0), primitives in H2,2(X) are

algebraic [14]. Simulation: A primitive class has initial E > 0; QACs (rational curves)
reduce E to 0.

4.2 CM Abelian Fourfold

Mumford’s example over Q(
√
−3), resolved by Markman, confirms algebraicity [12]. We

adopt Q(
√
−3) to explore a broader class of CM abelian fourfolds, extending Markman’s

results. Simulation: Initial E > 0, QACs minimize to 0, matching known results.
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5 Conclusion

QM-THFF offers a novel path to the Hodge Conjecture, using a quantum-inspired en-
ergy to test algebraicity. Computational tests on K3 surfaces and fourfolds align with
known cases, suggesting a general inductive proof. We invite peer review at https:

//gerardogarciagrok.github.io/grokgarcia-conjecture/.
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